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We formulate the conditional-variance uncertainty relations for general qubit systems and arbi-
trary observables via the inferred uncertainty relations. We find that the lower bounds of these
conditional-variance uncertainty relations can be written in terms of entanglement measures includ-
ing concurrence, G function, quantum discord quantified via local quantum uncertainty in different
scenarios. We show that the entanglement measures reduce these bounds, except quantum discord
which increases them. Our analysis shows that these correlations of quantumness measures play
different roles in determining the lower bounds for the sum and product conditional variance uncer-
tainty relations. We also explore the violation of local uncertainty relations in this context and in
an interference experiment.
PACS numbers:
I. INTRODUCTION
In quantum theory, linear superposition between differ-
ent quantum states gives rise to the phenomenon of quan-
tum interference and the uncertainty relations in Hilbert
space [1–3]. Superposition also leads to the phenomenon
of entanglement in composite quantum systems. The en-
tanglement is behind many intriguing features of quan-
tum mechanics. It is also a useful resource for many com-
munication and computational tasks. We are interested
in exploring uncertainty relations in entangled quantum
systems.
The field of uncertainty relations has grown signifi-
cantly since the time of Heisenberg, and even has proved
to be crucial in implementation of various quantum in-
formation and computational tasks [4, 5]. In this field,
there exist two types of uncertainty relations, namely the
preparation uncertainty relations and the measurement-
disturbance relations that capture the uncertainty for
non-commuting observables [1–3, 6, 7]. Among these
various uncertainty relations, the Robertson type uncer-
tainty relations are the preparation uncertainty relations
[2, 3, 8]. This says that we cannot prepare an ensemble
of quantum systems for which two non-commuting ob-
servables have arbitrarily low uncertainty simultaneously.
These earlier versions were formulated in such a way that
the quantum memory played no role. An exact relation
quantifying this concept was missing until recently. In
the meantime, various other developments such as the
quantifiable entanglement measures and other forms of
quantumness measures were introduced which have rev-
olutionized quantum physics and even gave rise to newer
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field of quantum information and quantum computation
[9]. On the other hand, in the field of uncertainty rela-
tions, various other forms of uncertainty relations based
on the von-Neumann entropy, Renyi entropy, Tsallis en-
tropy were introduced and were even shown to be useful
in various quantum information and quantum computa-
tion tasks [10]. After these developments, the uncertainty
relations were extended to the case of conditional uncer-
tainty relations for entropic versions and ultimately the
conditional uncertainty bounds were shown to be depen-
dent on entanglement content of the quantum state which
acts as the quantum memory [5]. In the context of uncer-
tainty relations, we would like to point out another per-
spective in the framework of two state vector formalism.
The two-state vector formalism deals with not only a pre-
selected state but also includes the post selected state in
calculating the probability of measurement outcomes. In-
terestingly, the method of post-selection allows one to de-
termine the spin components of two non-commuting spin
operators simultaneously [11, 12]. This can be useful in
many situations. However, in this paper we stick to the
uncertainty relations that do not involve post-selection
of quantum states.
The uncertainty relations in presence of quantum
memory as formulated for entropic uncertainty relations
in [5] consist of the entanglement signature given by the
conditional von-Neumann entropy, quantum discord as
well as classical correlation. These correlation measures
contribute to the reduction of the conditional entropic
uncertainty [5, 13]. In its original formulation, a game
was proposed in which one party possessing an entangled
state tries to minimize the uncertainty of correctly guess-
ing the outcome of measurement of two non-commuting
observables for the other party in the joint quantum state
[5]. However, the variance based uncertainty relations
have still not been formulated such that they include
quantum memory. Keeping in view that the entropic
conditional uncertainty relations have found use in the
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2quantum information and communication tasks, and that
normal variance uncertainty relations also have some im-
portant applications, we are motivated to formulate un-
certainty relations using conditional variances, which also
can result in important applications in quantum informa-
tion tasks in future.
In this paper, we formulate the conditional-variance
uncertainty relations for correlated two-qubit quantum
systems via the inferred uncertainty relations. We show
that the entanglement in the composite quantum system
plays an important role in the lower bound of conditional-
variance uncertainty relations for two non-commuting
Pauli observables. Specifically, we show that the entan-
glement monotone called concurrence and the entangle-
ment measure called the G function plays a crucial role
in determining the lower bound for these conditional-
variance uncertainty relations. Here we also highlight
how the quantum discord due to measurement on party
B plays a different role than those of the entanglement
measures for the two-qubit mixed states.
The paper is organized as follows. In the section II,
we review the necessary background and results in lit-
erature that we use in our analysis. In the section III,
we present our main results relating the lower bound of
conditional-variance uncertainty relations with entangle-
ment measures. In the section IV, we discuss the role of
entanglement in the violation of local uncertainty rela-
tions. Along this line we find relations for local uncer-
tainty relations that also involve entanglement measures.
In section V, we put this in the context of an interference
experiment where the change in the visibility of the inter-
ference fringes is constrained by the entanglement mea-
sure of the quantum state. In the section VI, we state
our conclusions and point out to the future directions.
II. BACKGROUND
The topics needed for our analysis include the entropic
uncertainty relations in presence of quantum memory
[5, 13], the inferred uncertainty relations [14], the local
uncertainty relation violation relations [15], the entan-
glement and quantum correlation measures [9], and the
experimental set up related to interference fringe visibil-
ity connected to unitary operators acting on one arm of
the interferometer [16].
A. Uncertainty relations with quantum memory
The original formulation of uncertainty relation was
for a single quantum system. It was soon realized that
this relation can be violated in the presence of entangle-
ment, however the exact quantitative equation was not
formulated. Later, after being cast in the form of a quan-
tum game, it was possible to formulate an equation that
showed this. It was presented in the paper by Berta et al.
[5]. The game is as follows. Let there be two players, Al-
ice and Bob. Before starting the game, they agree on two
measurement operators R and S, which do not commute
with each other in general. After this, Bob prepares a
particle in a quantum state of his choice and sends it to
Alice. After obtaining the state from Bob, Alice measures
either R or S on it and declares her choice of measure-
ment to Bob. Bob then tries to minimize his uncertainty
about Alice’s measurement outcome. This game consid-
ers that Bob has only classical information about Alice’s
particle, and his trial to minimize the uncertainty is given
by the usual Massen-Uffink uncertainty bound. However,
when Bob has access to quantum memory, i.e., if he has
a particle that is entangled with Alice’s particle, then
he can beat this bound. This is expressed in the form
of uncertainty relation expressed in terms of conditional
von-Neumann entropy. Can a similar situation, if not ex-
actly same, be thought of in terms of variance? For this,
we next describe the inferred uncertainty relations [14].
B. Inferred uncertainty relations
A version of the uncertainty relation that takes into
account the conditional uncertainty is the inferred un-
certainty relation [14]. In this set up also, there are
two different experimenters Alice and Bob. The inferred
uncertainty relations were used to demonstrate original
EPR paradox [17]. According to the EPR paradox, let
us consider two spatially separated subsystems A and
B and two observables that do not commute with each
other. When these subsystems are entangled, then one
can predict the result of measurement on A based on the
result of measurement on B. Here, the main task is to
what extent we can predict the result of measurement
on A based on the result of measurement on B, for two
non-commuting observables, using the uncertainty quan-
tifier in terms of variance. Now, the predicted result of
measurement on A based on the results of measurement
on B is dependent on the conditional probabilities and
not on unconditional probability distribution of measure-
ment on A. The variance calculated on this conditional
probability distribution gives us the conditional variance.
In this definition, it has been shown that the violation of
the following uncertainty relation is a signature of the
EPR steering criteria [14]
∆2Sinf∆
2Qinf ≥ L, (1)
where S and Q are the two non-commuting observables
and L is the lower bound for this set of observables. Now,
since all the states which are steerable are also entangled,
the violation of the above uncertainty relation is also a
signature of entanglement. Indeed, it was shown in [14,
18] that the violation of inferred uncertainty relations
can also be used as an entangled detection criteria, and
it was asked how does entanglement may come into this
picture. In this context, it is also worthwhile to discuss
the differences and similarities of the above situation with
that of the entropic uncertainty relation in presence of
3quantum memory [5]. In case of [5], the game was to
minimize the uncertainty of Bob about the measurement
performed by Alice based on her outcomes. In case of
inferred uncertainty relation, it is similar in the sense
that here the task is also to minimize the uncertainty of
measurement results of Alice, but this is based on the
measurement at Bob’s side.
C. Violation of local uncertainty relations
There are various methods to detect the presence of
entanglement in a quantum state. One such approach
was formulated by Hoffman et al [15], by quantifying the
violation of local uncertainty relations with respect to a
global one. We describe it as follows. Suppose we have a
quantum state ρAB , whose reduced density matrices are
ρA and ρB . Now, as individual quantum systems ρA and
ρB satisfy the usual uncertainty relation bounds which
may be state dependent or state independent. Therefore,
if we have a set of non-commuting observables {Si} and
{Qi}, then the local uncertainty relations are∑
i
∆2Si ≥ LA and
∑
i
∆2Qi ≥ LB , (2)
where ∆2Si = Tr(S
2
i ρA) − [Tr(SiρA)]2 is the usual vari-
ance uncertainty quantifier, similar for Qi as well. LA
and LB are state independent lower bounds. Now, if we
introduce another quantity ∆2(Si + Qi), defined in the
same way as shown in [15], then the following inequality
is satisfied only when ρAB is separable state∑
i
∆2(Si+Qi) ≥
∑
i
∆2Si+
∑
i
∆2Qi ≥ LA+LB . (3)
It was shown in [15], that any violation of the above
inequality is a definitive signature of quantum entangle-
ment. Moreover, interestingly it was observed that in
certain H2 ⊗H2 cases of quantum states, the relative vi-
olation of the local uncertainty relation as stated above
is exactly equal to the concurrence of the quantum state.
D. Entanglement and Correlation measures
Here, we review various entanglement measures and
correlation measures and point out their interconnec-
tions, which are crucial to our analysis.
1. Connected correlators
We consider only the bipartite connected correlation
function or the bipartite connected correlator for our pur-
pose. These functions play important roles as correlation
criteria in condensed matter and many body quantum
systems [19, 20]. Let us define this quantity formally. For
a bipartite density matrix ρAB in HA⊗HB , the bipartite
connected correlator is given by the following function
CCAB = Tr[(A⊗B)ρAB ]− Tr[AρA]Tr[BρB ]. (4)
Here A and B are two observables defined in Hilbert
spaces HA and HB . There are interesting connections
between the connected correlation functions and other
entanglement measures. At the most fundamental level,
a non-zero value of the connected correlation function
for pure states signifies the presence of entanglement in
the quantum state as has been shown in [21]. For mixed
states, an entangled states will show non-zero value of
connected correlation function, but will also show non-
zero value when the state is not entangled.
2. Connection with other correlation measures
The connected correlation function shares some con-
nections with the other correlation measures such as the
concurrence [22], localizable entanglement [19], covari-
ance entanglement measure [23], and the quantum mu-
tual information. At first, we discuss the relation of the
connected correlator with the concurrence. It has been
shown in [19] that the entanglement as measured by the
concurrence of a two-qubit pure state is given by the
maximal connected correlation function over all sets of
arbitrary Pauli observables. This is represented in the
following way
C(ψAB) = max
~a,~b
|CC~a,~b(ψAB)|. (5)
The maximized connected correlation function does not
act as a good entanglement measure for the case of two-
qubit mixed states as shown in [23]. However, there is
an entanglement measure based on the connected corre-
lation function of local observables that can be applied
for the case of two-qubit mixed states. This was explored
in [28–30]. In particular it is given by
G(ρAB) =
3∑
i,j=1
CC2(σi, σj), (6)
where the σi corresponds to the Pauli operators. It
has been shown that this G function is equivalent to
4Tr((ρAB−ρA⊗ρB)2) [28–30]. In case of two-qutrit pure
states, the relation shared by the connected correlation
function is that with the von Neumann entropy of the
reduced density matrices [19]. Moving onto other mea-
sures, there is a measure of entanglement for pure states
called the covariance entanglement measure, which is ex-
actly given by the maximum of all local unitarily equiva-
lent connected correlators [23] for the case of pure states.
Specifically, if we have operators A ⊗ I and I ⊗ B, then
the covariance entanglement is defined as follows
Ecov(ψAB) = max
U=U(1)⊗U(2)
CovUρU†(A
(1), B(2)). (7)
4where, we have Cov(A(1), B(2)) = Tr(A(1)B(2)ρAB) −
Tr(A(1)ρAB)Tr(B
(2)ρAB). It is easy to verify that this
quantity is nothing but the connected correlation func-
tion of the operators A and B as mentioned above in
context of defining A(1) and B(2). However, the co-
variance entanglement measure is not a good entangle-
ment measure for mixed states [23]. Not only the entan-
glement measures, but the total correlation in a quan-
tum state also satisfies an important inequality with the
connected correlator. The quantum mutual information
which quantifies both the quantum and classical correla-
tion satisfies the following inequality [20] with the con-
nected correlator
I(A : B) ≥ C(MA : MB)
2
2||MA||2||MB ||2 , (8)
where C(MA : MB) denotes the connected correlation
function for two observables MA and MB in Hilbert
spaces HA and HB respectively. All the above inequali-
ties help us to bring the correlation measures inside the
conditional variance uncertainty relations for the corre-
lated quantum systems.
E. Local quantum uncertainty as quantum discord
The quantum discord was proposed to capture the
quantum correlations that cannot be captured by the en-
tanglement measures. Along this vein, in [25], it was
shown that even local uncertainty of a quantum corre-
lated composite quantum system can act as a measure of
the quantum discord for 2⊗ d systems. In [25], the Skew
information was shown to be important in the context of
quantification of local quantum uncertainty. Specifically
it was shown that the local quantum uncertainty can be
defined reliably via the minimization of the skew informa-
tion for a single measurement on one of the local parties.
It has a very nice geometrical interpretation of quantum
discord, as the minimum contribution to the statistical
variance associated with measuring a local observable in
a composite correlated quantum system. Also, the lo-
cal quantum uncertainty for a quantum state in C2⊗Cd
can be interpreted geometrically as the minimum squared
Hellinger distance between the state and the state after a
least disturbing root-of-unity local unitary operation ap-
plied on one qubit, in a similar way to that of the usual
geometric discords based on other metrics. However, the
most important property that is required in this article
is that the skew information I(ρ,K) is always smaller
than the variance, with equality for pure states. This
inequality will be useful in our derivation of the condi-
tional uncertainty relations and the role it plays in the
conditional uncertainty relations.
F. Uncertainty measure for unitary operators and
interference fringe visibility
The uncertainty measure for unitary operators is given
by the variance as defined for non-Hermitian operators.
It is defined as ∆2U = 〈UU†〉 − 〈U〉〈U†〉 = 1 − |〈U〉|2.
From an operational point of view, it is intimately con-
nected with the interference fringe visibility in a Mach-
Zehnder interferometer. Specifically, if one arm of an in-
terferometer is acted on by an unitary operator U , then
the fringe visibility of the interference pattern given by ν
satisfies the relation ∆2U + ν2 = 1. Earlier it was shown
that using this property, the preparation uncertainty re-
lation given by the unitary operators also puts a non
trivial constraint on the corresponding fringe visibilities
[16]. In a similar vein, we ask the question how is the
constraint on fringe visibility modified when we have en-
tangled quantum systems at our disposal. In other words,
can we see the effect of entanglement directly in interfer-
ence experiments. We formulate such an experiment in
this paper.
III. INFERRED UNCERTAINTY RELATIONS
BOUNDED BY ENTANGLEMENT
A. Two qubits and the Pauli observables
In this section, we derive a few inequalities that show
how entanglement appears in the lower bound of the
conditional-variance uncertainty relations. But, first we
describe the steps to calculate the conditional variance
or the inferred variance as follows.
Recipe to calculate inferred variance: We follow
the recipe proposed by [14] to find out the conditional
variances. Consider a two-qubit state ρAB . We want to
infer the variance of the general Pauli measurement S
on Alice’s side from the measurement outcome of S on
Bob’s side. We denote the inferred outcome on Alice’s
side by i = 0, 1 and the measurement outcome on Bob’s
side by j = 0, 1. The recipe is as follows: The probability
of getting outcome i and j is
Pi,j [ρAB ] = Tr[|i〉〈i| ⊗ |j〉〈j|ρAB ], (9)
where |i〉〈i| denotes the projector for i’th outcome. Sum-
ming over the outcome of Alice, we will find the proba-
bility of getting outcome j on Bob’s side
P ′j [ρAB ] =
∑
i
Pi,j [ρAB ] (10)
Now we find out the conditional probability of obtaining
outcome at A conditioned on the measurement outcome
at B by using Baye’s rule for conditional probability. For
this we find P ′′i,j [ρAB ] as the following.
P ′′i,j [ρAB ] =
Pi,j [ρAB ]
P ′j [ρAB ]
. (11)
5The conditional mean value based on the conditional
probability distribution defined above is given by
µj [ρAB ] =
∑
i
xiP
′′
i,j [ρAB ], (12)
where xi denote the original outcome on Alice’s side. So,
by predicting the outcome on Alice’s side how much error
we made can be calculated as
∆2S[ρAB ] =
∑
i,j
Pi,j [ρAB ](xi − µj [ρAB ])2, (13)
which is the inferred variance [14].
Proposition 1: For any two arbitrary Pauli observ-
ables S = ~n.~σ and Q = ~m.~σ and an arbitrary two-qubit
density matrix ρAB , the following equality holds
∆2S(ρAB)inf + ∆
2Q(ρAB)inf = ∆
2SA + ∆
2QA −[CC(n, n)2
∆2SB
+
CC(m,m)2
∆2QB
]
. (14)
where CC(n, n) denotes connected correlator of the state ρAB .
The first two uncertainties on the right hand side denote un-
certainties of the observables in party A, the last two are that
of party B.
Proof of Proposition 1 and discussion: The proof of
this inequality is as follows. Let a general two-qubit mixed
density matrix be written as the following
ρAB =
1
4
[
I +
3∑
i=1
riσi ⊗ I +
3∑
i=1
siI ⊗ σi +
3∑
i,j=1
tijσi ⊗ σj
]
.
According to this notation we get the following quantities.
The local uncertainty in party A due to Pauli observable ~n.~σ
is given by 1 − (~n.~r)2. The form of the connected correlator
when we have ~n.~σ acting on both A and B party is given
by
∑3
i,j=1 ninjtij − (~n.~r)(~n.~s). To make notations simpler
let us denote ~n.~r = nr, ~n.~s = ns and
∑3
i,j=1 ninjtij = ntn.
Then, the expression for the variance based inferred uncer-
tainty ∆2S(ρAB)inf for an observable ~n.~σ is given by the fol-
lowing expression
1
2
[ (1− ns)(1− nr − ns+ ntn)(1− ns− ntn+ nr)
(1− ns)2
+
(1 + ns)(1− nr + ns− ntn)(1 + ns+ ntn+ nr)
(1 + ns)2
]
.
The above quantity is calculated by using the recipe given in
the above paragraph as in [14]. Simplifying the above expres-
sion we get the following
∆2S(ρAB)inf =
(1− nr2 − ns2 − ntn2 + 2nr.ns.ntn)
(1− ns2) .
From the expression of the connected correlator as defined
above we get that the square of the connected correlator is
given by (ntn − nr.ns)2 = ntn2 + (nr)2(ns)2 − 2nr.ntn.ns.
Also, we know (1− nr2)(1− ns2)− 1 + ns2 + nr2 = nr2ns2.
Putting this in the expression for the connected correlator, we
get −(ntn− nr.ns)2 = (1− ntn2 − ns2 − nr2 − (1− nr2)(1−
ns2)+2nr.ntn.ns). From here, we put (1−ntn2−ns2−nr2 +
2nr.ntn.ns) = (1−nr2)(1−ns2)− (ntn−nr.ns)2. Therefore
putting this in the above equation we obtain the following
∆2Sinf =
(1− nr2)(1− ns2)− (ntn− nr.ns)2
(1− ns2)
=(1− nr2)− (ntn− nr.ns)
2
(1− ns2) .
From the notations specified here, we recognize that (1 −
nr2) = ∆2S(ρA) and (ntn − nr.ns) is the connected corre-
lator for ~n.~σ acting on both the parties A and B of the gen-
eral two-qubit mixed density matrix ρAB . Let us denote it
by CC(n, n). Therefore by this notation and using the same
logic and steps for the Pauli observable Q = ~m.~σ, we obtain
the following
∆2S(ρAB)inf + ∆
2Q(ρAB)inf = ∆
2SA + ∆
2QA −[CC(n, n)2
∆2SB
+
CC(m,m)2
∆2QB
]
. (15)
The numerators in the last two terms are the connected cor-
relation functions. The denominators in the last two terms
are local quantum uncertainties in party B. Using the above
equality, in the next sections we state some equations that
capture the role of entanglement and quantum discord in the
lower bound of uncertainty relations.
Proposition 2: For any two arbitrary Pauli observables
S = ~n.~σ and Q = ~m.~σ and an arbitrary two-qubit pure state
|ψAB〉, the following inequality holds
∆2S(|ψAB〉)inf + ∆2Q(|ψAB〉)inf ≥ ∆2SA + ∆2QA −
C2(|ψAB〉)
[ 1
∆2SB
+
1
∆2QB
]
. (16)
where C(|ψAB〉) denotes concurrence of the state |ψAB〉. The
uncertainties in the first two terms on the right hand side
denote uncertainties of the observables in party A.
Proof: Let us define CCmax = maxm,n CC(m,n), which
is the connected correlator maximized over all observables
acting on party A and B for a given quantum state. Thus
CCmax ≥ CC(m,m) for any particular value of m. Therefore
from Eq. (15), we get the following
∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA −
CC2max(ρAB)
[ 1
∆2SB
+
1
∆2QB
]
.
(17)
Again, we know from [19], that for a pure two-qubit state the
concurrence is given by the maximum connected correlator,
i.e., C(|ψAB〉) = CCmax(|ψAB〉). Using this relation, we thus
obtain the following as in Proposition 2.
∆2S(|ψAB〉)inf + ∆2Q(|ψAB〉)inf ≥ ∆2SA + ∆2QA −
C2(|ψAB〉)
[ 1
∆2SB
+
1
∆2QB
]
. (18)
The above equation directly shows how an entanglement
monotone given by the concurrence is responsible for deter-
mining the lower bound of the conditional variance uncer-
tainty relation. Some known bounds are known for the un-
certainties in party A for two arbitrary Pauli observables for
6pure two-qubit states. Using that we can get
∆2S(|ψAB〉)inf + ∆2Q(|ψAB〉)inf ≥ 1− |~m.~n| −
C2(|ψAB〉)
[ 1
∆2SB
+
1
∆2QB
]
. (19)
where we have used the relation ∆2SA + ∆
2QA ≥ 1 − |~m.~n|
[26]. However this is not a tight bound, and tighter state inde-
pendent bounds can be found in [27] for two arbitrary Pauli
observables. Qualitatively, it is straightforward to see that
the bipartite connected correlation function acts as a signa-
ture of entanglement, since it is always non-zero for the pure
entangled states. Also, as stated in the background section it
is intimately connected to the covariance entanglement mea-
sure for pure states, and using this we also get the following
relation
∆2S(|ψAB〉)inf + ∆2Q(|ψAB〉)inf ≥ ∆2SA + ∆2QA −
E2cov(|ψAB〉)
[ 1
∆2SB
+
1
∆2QB
]
. (20)
It will be interesting to find the class of states that will sat-
urate the above with equality. But, now we move on to the
case of mixed states.
Proposition 3: For any two arbitrary Pauli observables
S = ~n.~σ and Q = ~m.~σ and an arbitrary two-qubit density
matrix ρAB , the following inequality holds
∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA −
1
D
[
CC(m,m)2 + CC(n, n)2
]
, (21)
Proof: The denominator in Eq. (15) is an expression of lo-
cal quantum uncertainty which is a signature of the quantum
correlations in the composite quantum system [25]. As men-
tioned in the section on background, the variance is always
greater than the skew information which is a better quantifier
of the local quantum uncertainty and can be interpreted as
the quantum discord, when the measurement is applied on
party B. From this we get that −1
∆2SB
≥ −1
I(ρAB ,S)
. Putting
this relation and noting that we interpret I(ρAB , S) as a mea-
sure of quantum correlations of the quantum discord type in
H2 ⊗Hd quantum systems and denote it by D, and denoting
CCmax as the maximum connected correlator, we obtain the
following
∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA −
1
D
[
CC(m,m)2 + CC(n, n)2
]
. (22)
Here, we do not replace the connected correlation functions
with the maximized value yet, as this further weakens the
bound. We analyze the above equation qualitatively. Also
we did not replace the local quantum uncertainties in case of
pure states, as quantum discord measured by local quantum
uncertainty is exactly equal to square of concurrence for pure
two-qubit states and this results in a trivial bound for pure
states. Now, we analyze the bound for the mixed states. We
see that the lower bound of the uncertainty relation is also
determined by other forms of quantum correlations. Here we
also discuss in brief the similarities with the bounds in [5, 13]
and here. The original bound given in [5] shows that the pres-
ence of entanglement lowers the uncertainty bound, however
the quantum discord can tighten the bound by increasing it in
certain cases, where the measurement is performed on party
A. In the case of conditional variance uncertainty relations
also the connected correlator acts as an entanglement signa-
ture for pure states and it brings down the lower bound. The
discord as quantified by local quantum uncertainty however
acts in a different way. Greater is the value of D, greater is the
value of − 1
D
, as a result it therefore acts in a similar way as
in case of [13], i.e., greater value of the quantum discord helps
to increase the value of the lower bound. However the point
of difference is that the measurement is performed on party
B. In this context, let us note that the connected correlation
function can also be interpreted as the covariance when we
have composite quantum systems and local observables act-
ing on the local Hilbert spaces. This particular function has
been connected to entanglement detection criteria [28–30] as
well as quantum correlation measures such as the quantum-f-
correlations [31].This lets us state the following proposition
Proposition 4: For any two arbitrary Pauli observables
S = ~n.~σ and Q = ~m.~σ and an arbitrary two-qubit density
matrix ρAB , the following inequality holds
∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA −
G(ρAB)
[ 1
∆2SB
+
1
∆2QB
]
, (23)
Proof: Here, G(ρAB) = 4Tr((ρAB − ρA ⊗ ρB)2) has been
shown to be an entanglement measure for two-qubit bipartite
mixed states [28–30]. Originally it was shown that it is given
by the sum of squares of connected correlation functions for
all Pauli observables as G(ρAB) =
∑3
i,j=1 CC(σi, σj)
2, which
is nothing but 4Tr((ρAB − ρA ⊗ ρB)2). Therefore we see that
G(ρAB) =
∑3
i,j=1 CC(σi, σj)
2 ≥ CC(m,m)2+CC(n, n)2 and
as a result Proposition 4 follows easily. Thus we are again
able to connect the lower bound of the conditional-variance
uncertainty relation to an entanglement measure even for
two-qubit mixed states and all observables. We note that
one may replace with the term for quantum discord, but it
will weaken the bound further, and it remains to be seen
whether it will give a non-trivial lower bound. We note here
also that the entanglement measure given by G(ρAB) sat-
isfies the inequality G(ρAB) ≤ 1 + 2C2(ρAB) for any two-
qubit bipartite mixed state, where C(ρAB) is the concur-
rence of the mixed states ρAB , which can be used to get
a bound such as ∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA +
∆2QA− (1 + 2C2(ρAB))
[
1
∆2SB
+ 1
∆2QB
]
. However, this gives
a trivial bound for many mixed states and it remains to be
seen whether it can give a non-trivial bound for any class
of entangled states. Not only the above equation, for the
case of mixed states, we can obtain a lower bound that in-
volves the quantum mutual information [20]. This is given
by ∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA − 2I(A :
B)
[
||(~n.~σ)||4
∆S2
B
+ ||(~m.~σ)||
4
∆Q2
B
]
. The condition for saturation of the
above bound will be governed by the saturation of the in-
equality between the quantum mutual information and the
connected correlation function. Note that here we do not need
the maximum connected correlation function. For pure states,
we know that I(A : B) = 2Ef (A : B). Putting this in the
above equation, we obtain another variant of the conditional-
variance uncertainty relation lower bounded by entanglement
measure as ∆2S(ρAB)inf + ∆
2Q(ρAB)inf ≥ ∆2SA + ∆2QA −
4Ef (ρAB)×
[
||(~n.~σ)||4
∆S2
B
+ ||(~m.~σ)||
4
∆Q2
B
]
. But, it remains to be seen
7whether these give non-trivial lower bounds. Also, if we move
onto the case of three or more Pauli observables, qualita-
tively there is no difference in the nature of concurrence low-
ering the conditional variance uncertainty bounds, which is
as follows ∆2S(|ψAB〉)inf +∆2Q(|ψAB〉)inf +∆2R(|ψAB〉)inf ≥
∆2SA+∆
2QA+∆
2RA− 3C
2(|ψAB〉)
D
. Next we discuss the case
of product of conditional variances via the following proposi-
tion
Proposition 5: For any two arbitrary Pauli observables
S = ~n.~σ and Q = ~m.~σ and an arbitrary two-qubit pure state
|ψAB〉, the following inequality holds
∆2S(|ψAB〉)inf∆2Q(|ψAB〉)inf ≥ ∆2SA∆2QA − C2(|ψAB〉)
×
[∆S2A
∆S2B
+
∆Q2A
∆Q2B
]
. (24)
Proof: We start with a proof for a general density matrix,
and the pure state case as above is derived as a special case of
that. We proceed by just writing the product of conditional
variances in terms of variances and the connected correlation
function as follows
∆2S(ρAB)inf∆
2Q(ρAB)inf = ∆
2SA∆
2QA −[∆S2ACC(n, n)2
∆S2B
+
∆Q2ACC(m,m)
2
∆Q2B
+CC(n,n)
2CC(m,m)2
∆S2
B
∆Q2
B
]
.
The last term clearly increases the uncertainty written in
terms of the inferred variances. As a result, we see that the
connected correlation function behaves differently from the
sum uncertainty relations. We can make the last term state
independent by optimizing over all states in the two-qubit
state space, which ultimately gives us 0. This is achieved
for any pure product state, which then gives us the following
bound
∆2S(ρAB)inf∆
2Q(ρAB)inf ≥ ∆2SA∆2QA − CC2max(ρAB)
×
[∆S2A
∆S2B
+
∆Q2A
∆Q2B
]
.
It is easy to see that for case of pure states, since
CC2max(|ψAB〉) = C(|ψAB〉), where C(|ψAB〉) denotes the con-
currence of the state |ψAB〉, we obtain the bound as in Propo-
sition 4. However, if we move onto the three or more Pauli
observables, we see more points of departure from the inferred
uncertainty relation bound based on the sum of conditional
variances. It is straightforward to check that if we proceed
along the same way as before, we obtain the following bound
for the product of conditional variances for three arbitrary
Pauli observables S,Q,R
∆2S(ρAB)inf∆
2Q(ρAB)inf∆
2R(ρAB)inf ≥ ∆2SA∆2QA∆2RA
−CC2max(ρAB)T1 − CC6max(ρAB)T2.
for two-qubit pure states, where T1 =
∆S2A∆Q
2
A
(∆R2
B
)
+
∆S2A∆
2RA
(∆Q2
B
)
+
∆Q2A∆
2RA
(∆S2
B
)
and T2 =
1
(∆S2
B
∆Q2
B
∆R2
B
)
. The terms that were
contributing to increase the uncertainty were in even powers
of the connected correlators and have been optimized to be
0 as before. This does weaken the bound, and in essence a
connection of the connected correlator with some measure of
correlation would have helped to show which correlation con-
tributes to the increase of the bound. However, we do not
know of any such bound, and therefore it remains an inter-
esting question. In a similar way as before we can replace
the local variance in party B by the quantum discord like
quantum correlation captured by the local quantum uncer-
tainty and obtain ∆2S(ρAB)inf∆
2Q(ρAB)inf∆
2R(ρAB)inf ≥
∆2SA∆
2QA∆
2RA − CC2max(ρAB)T ′1 − CC6max(ρAB)T ′2. for
any two-qubit mixed state, where now T ′1 =
∆S2A∆Q
2
A
D
+
∆S2A∆
2RA
D
+
∆Q2A∆
2RA
D
and T ′2 =
1
D3
. Also, in the same vein
as before, if we use the G function as the entanglement mea-
sure for mixed states, then we can write a similar equation
for the product of variances as
∆2S(ρAB)inf∆
2Q(ρAB)inf ≥ ∆2SA∆2QA −G(ρAB)
×
[∆S2A
∆S2B
+
∆Q2A
∆Q2B
]
. (25)
The condition that gives a non-trivial bound for some mixed
state is 1
∆S2
A
∆S2
B
+
∆Q2
A
∆Q2
B
≥ G(ρAB) ≥ 1. This again highlights how
the different correlations play their part in reducing the value
of the conditional variance for sum and product versions of the
conditional uncertainty relations. We note that we could have
also kept the connected correlators instead of the maximized
version of them, which would give one a more tight bound.
Also note that the operators that maximize the connected
correlator can be found out explicitly as given in [31], and
as a result one will be able to find an analytical expression
for the above bounds in terms of the maximum connected
correlation function for any two arbitrary Pauli observables.
We now move onto some examples.
B. Examples
Consider a pure two-qubit entangled state of the form
|Ψ〉 = cos θ|00〉 + sin θ|11〉. Furthermore, we choose S = σx
and Q = σy. For this state, we find
∆2σx(|Ψ〉)inf + ∆2σy(|Ψ〉)inf = 2− 2C2,
∆2σx = ∆
2σy = 1. (26)
where C = sin 2θ is the concurrence of the state |Ψ〉. Hence,
for this state and observables we exactly saturate the uncer-
tainty bound given in Eq. (16). In an experiment we can
measure ∆2σx(Ψ)inf +∆
2σy(Ψ)inf , ∆
2σx+∆
2σy. From there
we can compute the entanglement as
C2 =
(∆2σx + ∆
2σy)− [∆2σx(Ψ)inf + ∆2σy(Ψ)inf ]
2
. (27)
Therefore, we can detect and quantify the entanglement
present in a two-qubit pure state experimentally. For the
case of product of conditional-variances, we plot the left hand
side and the right hand side with the state parameter θ in Fig.
1. The plot shows that the right hand side gives non-trivial
bound for certain class of entangled pure states. It also shows
that unlike the sum of conditional-variances, the bound for
product of variances is not saturated for this class of pure
states and for the observables σx, σy.
Next, we consider the case of mixed states. We check that
for various mixed random quantum states, and see that for
quite some states we get a non trivial lower bound for the
inequality given in Eq. (22) as shown in Fig. 2. The x-axis
80.0 0.5 1.0 1.5
-1.0
-0.5
0.0
0.5
1.0
θ
FIG. 1: Product of inferred variances for the observables σx,
σy and for the state |Ψ〉. The blue line corresponds to the
right hand side and the red one corresponds to the left hand
side of Eq. (24).
and y-axis in Fig. 2 represent the right hand side and the left
hand side of Eq. (22). The diagonal black line is provided to
give the reference that left hand side is always greater than
or equal to the right hand side of Eq. (22). For checking
1.0 1.2 1.4 1.6 1.8 2.0
1.0
1.2
1.4
1.6
1.8
2.0
FIG. 2: The x and y axis represent the right and left hand
side of Eq. (22). The red dots represent randomly generated
states.
whether proposition 4 gives us a non-trivial bound, we check
this for the Werner states, and find that we get a non -trivial
bound using Proposition 4 in a small range of values of p for
the Werner state of the form
ρW = p|ψs〉〈ψs|+ 1− p
4
I, (28)
where ψs =
1√
2
(|01〉−|10〉) is a singlet state. We consider the
observable S = σx and Q = σy. We find,
∆2σx(ρW )inf + ∆
2σy(ρW )inf = 2− 2p2,
∆2σx + ∆
2σy = 2, G(ρAB) = 6p
2. (29)
From here we can verify that the we get a non-trivial lower
bound for Werner state for a set of entangled states, for the
observable σx and σy. To find the set of entangled states, we
note that a value of G(ρAB) ≥ 1, guarantees that the state
is entangled and if lower bound is greater than zero, we get
a non trivial bound. Using these two conditions we get that
for the entangled states 1√
3
≥ p ≥ 1√
6
, we get non-zero lower
bound for the entangled states given by the condition 6p2 ≥ 1.
In this paragraph, we consider an example of two four di-
mensional system to check whether the Eq. (14) gives a non-
trivial bound for any dimension. We consider the following
isotropic state
ρI = p|ψm〉〈ψm|+ 1− p
16
I, (30)
where |ψm〉 = 12
∑3
i=0 |ii〉 is the maximally entangled pure
state. We consider the following spin observables
Sx =

0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0
Sy =

0 −i√3 0 0
i
√
3 0 −2i 0
0 2i 0 −i√3
0 0 i
√
3 0
 .
It can be checked with this particular example that the
conditional-variance uncertainty lower bounds that are tight
for the two qubits and Pauli observables are not tight in higher
dimensional state space. Therefore, it remains an interesting
direction to find tighter lower bounds that involve entangle-
ment for higher dimensional state space.
IV. LOCAL UNCERTAINTY RELATION
VIOLATION AND CORRELATIONS
In this section we derive how the violation of local uncer-
tainty relations can be quantified by an entanglement mea-
sure such as the concurrence, entanglement of formation and
the covariance entanglement measure.For this, we first note
that for any two arbitrary observables A and B and an arbi-
trary density matrix ρAB , the inequality
∑
i ∆
2(Ai + Bi) ≥
UA + UB − 2|CCmax|∑i 1 holds. For proving this let us
state what the violation of local uncertainty relation as fol-
lows
∑
i ∆
2(Ai + Bi) ≥ UA + UB , where ∑∆2(Ai) ≥
UA and
∑
∆2(Bi) ≥ UB . Here, Ai +Bi → Ai ⊗ I + I ⊗Bi.
Violation of the above inequality is a signature of quantum
entanglement, and in certain cases of qubits it has been shown
to be exactly equal to concurrence. Now we start with this
inequality and obtain ∆2(Ai + Bi) = Tr[(A
2
i ⊗ I)ρAB ] +
Tr[(I ⊗ B2i )ρAB ] − Tr[(Ai ⊗ I)ρAB ]2 − Tr[(I ⊗ Bi)ρAB ]2 +
2Tr[(Ai ⊗Bi)ρAB ]− 2Tr[(Ai ⊗ I)ρAB ]Tr[(I ⊗Bi)ρAB ]. which
again gives us ∆2(Ai + Bi) = ∆
2(Ai) + ∆
2(Bi) + 2Tr[(Ai ⊗
Bi)ρAB ]−2Tr[AiρA]Tr[BiρB ]. From this and the local uncer-
tainty bounds as stated before, we obtain the following equa-
tion
∑
i ∆
2(Ai+Bi) ≥ UA+UB−2∑i {〈Ai〉〈Bi〉−〈Ai⊗Bi〉}.
Now we take the maximum connected correlator function
and denote it by CCmax and the above equation becomes∑
i ∆
2(Ai + Bi) ≥ UA + UB − 2|CCmax|∑i 1. The above
equation in general holds for arbitrary quantum states. We
can write it in a more familiar version of uncertainty rela-
tion as follows ∆2(Ai+Bi)−2|CCmax|∑i 1 = ∆2Ai+ ∆2Bi,
which shows that the lower bound is dependent on the cor-
relation content in the quantum state. Therefore, using the
relation of connected correlator with other measures of cor-
relation and putting them in Eq(30), we get the inequali-
ties
∑
i ∆
2(Ai + Bi) ≥ UA + UB − 2(∑i 1)C(Ψ) for two
qubits, and
∑
i ∆
2(Ai + Bi) ≥ UA + UB − 2(∑i 1)E(Ψ) for
two qutrits where E(Ψ) signifies entanglement entropy. Sim-
ilarly, for the case of mixed states, we can obtain a relation
between the uncertainty violation with that of the quantum
mutual information given by
∑
i ∆
2(Ai + Bi) ≥ UA + UB −
2|√I(A : B)|||A||||B||. For pure states, we know that 2I(A :
B) = Ef (A : B). Putting this in the above equation, we ob-
tain
∑
i ∆
2(Ai + Bi) ≥ UA + UB − 4|
√
Ef (A : B)|||A||||B||.
All the above relations bring out the role of entanglement in
determining the lower bounds for entangled quantum systems.
9V. VISIBILITY OF INTERFERENCE FRINGES
One of the interesting feature of the equations above is
that we can bound the visibility of interference fringes of
the Mach-Zhender interferometer for complementary quan-
tum states by the correlation content in a bipartite quantum
state. By complementary quantum state, we mean that if we
have a composite quantum system ρAB , then ρA and ρB are
the complementary quantum states. For this we consider the
operators that are both unitary and Hermitian, example of
this is the anticommuting observables that are the generators
of the Clifford algebra. We know that the visibility of an in-
terference pattern in a Mach-Zhender interferometer shares a
complementarity relation with the uncertainty of the unitary
operator which is affecting one of the arms of the interfer-
ometer. We note that the uncertainty based on variance for
unitary operator U is quantified as ∆2U = 1 − Tr(UρAB)2.
Taking this, it is straightforward to extend the local uncer-
tainty violation for uncertainty operator as follows
ν2U + ν
2
V ≥ 2(1− C(ρ))−∆(U + V )2, (31)
where the two terms on the left hand sides are calculated for
the two complementary quantum states, and the last term
on the right hand side is calculated on the composite quan-
tum system. The above equation directly shows that when we
take a bipartite state and calculate the corresponding uncer-
tainties, then the interference fringe visibility obeys a bound
dependent on the concurrence of the system.
VI. CONCLUSIONS AND FUTURE
DIRECTIONS
In this paper, we show that the lower bound for the
conditional-variance uncertainty relations can be linked with
the entanglement measures such as the concurrence for the
two-qubit pure states and the G function for the two-qubit
mixed states as well as the quantum discord. We have also
shown, how the correlation quantifiers such as the connected
correlation function play an important role in determining the
lower bound of the conditional-variance uncertainty relations.
However, it remains an open area of research to explore the
relation between connected correlator with other correlation
measures. Very few such relations exist.
Our work thus opens up the following possible future re-
search directions. The inferred uncertainty relations are im-
portant for both the entanglement detection criteria as well as
for steering detection criteria. It is clear that the lower bound
of the inferred uncertainty relations is directly linked to the
connected correlator in general for qubits. Thus the relation
between the connected correlation function with other mea-
sures of entanglement is an important direction for further
research. On another note, the genuine multipartite correla-
tion comes into play when there are multipartite connected
correlator which cannot be derived from the bipartite con-
nected correlation function. However, perhaps this cannot be
achieved if we consider variance. Therefore for this purpose,
one needs a quantifier which is of higher order than the vari-
ance. Besides, there has been some research on the genuine
multipartite steering criteria using the inferred uncertainty
relations, and it will be interesting to see if the genuine mul-
tipartite entanglement plays a role in such situations.
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